ON THE TOPOLOGY OF STABLE MAPS 



NICOLAS DUTERTRE AND TOSHIZUMI FUKUI 



Abstract. We investigate how Viro's integral calculus applies for the study of the topology of 
stable maps. We also discuss several applications to Morin maps and complex maps. 



1. Introduction 

It is well known that there is a deep relation between the topology of a manifold and the topology 
of the critical locus of maps. The best example of this fact is Morse Theory which gives the 
homotopy type of a compact manifold in terms of the Morse indices of the critical points of a 
Morse function. Let us mention other examples. 

R. Thorn [15] proved that the Euler characteristic of a compact manifold M of dimension 
at least 2 had the same parity as the number of cusps of a generic map f : M — > M?. Latter 
H. I. Levine [10] improved this result giving an equality relating x(M) and the critical set of /. 
In [5], T. Fukuda generalized Thorn's result to Morin maps / : M — > M. p when dimAf > p. He 
proved that: 

v 



(1.1) x(M) + 2^x(A fc (/)) = 0mod2, 

fc=i 

where Ak(f) is the set of points x in M such that / has a singularity of type at x (see Section 
2] for the definition of A^). Furthermore if / has only fold points (i.e., singularities of type A\), 
then T. Fukuda gave an equality relating x(M) to the critical set of /. T. Fukuda's formulas 
were extended to the case of a Morin mapping / : M — > N, where dimM > dimiV, by O. Saeki 
[14j . When dimM = dimiV, similar formulas were obtained by J. R. Quine [13] and I. Nakai 
[11] . On the other hand, Y. Yomdin [19] showed the equality among Euler characteristics of 
singular sets of holomorphic maps. As Y. Yomdin and I. Nakai showed in this context, the 
integral calculus due to O. Viro [18] is useful to find relations like (jl.ip for stable maps. In this 
paper, we investigate how Viro's integral calculus applies in enough wide setup. To do this we 
introduce the notion of local triviality at infinity and give some examples to illustrate this notion 
in section [3l T. Ohmoto showed that Yomdin-Nakai's formula is generalized to the statement in 
terms of characteristic class and discuss a relation with Thorn polynomial in his lecture of the 
conference on the occasion of 70th birthday of T. Fukuda held on 20 July 2010. 

We consider a stable map / : M — > N between two smooth manifolds M and N. We assume 
that dimM > dimiV, that N is connected and that M and N have finite topological types. 
We also assume that / is locally trivial at infinity (see Definition 13. ip and has finitely many 
singularity types. Then the singular set £(/) of / is decomposed into a finite union U u i / (f), 
where v{f) is the set of singular points of / of type v. In Theorems 15-H 15.61 15.71 and 15.111 we 
establish several formulas between the Euler characteristics with compact support of M, N and 
the ^(/)'s. We apply them to maps having singularities of type A^ or in Corollaries 15.41 1531 
[531[5TTUl[5TT2l and[5TT51 

In Section [H] of this paper, we apply the results of SectionOto Morin maps and we use the link 
between the Euler characteristic with compact support and the topological Euler characteristic 
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to recover and improve several results of T. Fukuda, T. Fukuda and G. Ishikawa, I. Nakai, 
J. Quine, 0. Saeki. We end the paper with some remarks in the complex case in Section [71 
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2. Viro's integral calculus 

In this section, we recall the method of integration with respect to a finitely-additive measure 
due to O. Viro [T7] . 

Let X be a set and <5(X) denote a collection of subsets of X which satisfies the following 
properties: 

• If A, B € SpO, then iUB6 S(X), Ad B £ S(X). 

• If A € then I\Ae S(X). 

Let i? be a commutative ring. Let \ix ■ S(X) — >• i? be a map which satisfies the following 
properties: 

• If ^4 and I? are homeomorphic then fix (A) = fj,x(B). 

• For A, B G S(X), pL X (A Ufl) = ^x(A) + -w(^nB). 

Example 2.1. The Euler characteristic of the homology with compact support, denoted by Xa 
satisfies these conditions for \xx with R = Z. The mod 2 Euler characteristic also satisfies these 
conditions for \ix with R = Z/2Z. 

Let Cons(X, iS(X), i?) (or Cons(X), for short) denote the set of finite R- linear combinations 
of characteristic functions 1a of elements A of S(X). For i? 6 <S(X) and </? 6 Cons(X, S(X), R), 
we define the integral of (p over B with respect to fix, denoted by J B ipdfj,x, by: 

f ip(x)dfi X (x) = Y,^AVx{Ar) B) where ^ = ^Aa1a- 
J 3 A A 

We remark that fix{B) = j B dfix- 

Now we are going to state a Fubini type theorem for this integration. We need to introduce 
some notations. 

We say that (S(X),S(Y)) fits to the map / : X — > Y if the following conditions hold: 

• If A E S(X), then f(A) G S(Y). 

• f-\y) ES(X) fory sY. 



On the topology of stable maps 



3 



• For A G S(X), B G S(Y) with f(A) = B, if f\ A : A B is a locally trivial fibration 
with fiber F, then: 

Hx(A) = fi X (F)fi Y (B). 

• For A G S(X), there is a filtration = B_i C S C B 1 C • • • C B x = Y with ^ G 5(F) 
such that: 

f\ /-i( Bi \Bi-i)nA : \ A-l) n A -> B< \ B w (i = 0, 1, . . . , I) 

is a locally trivial fibration. 

Lemma 2.2 (Fubini's theorem). For ip G Cons(X) and f : X —>Y such that (S(X),S(Y)) fits 
to f , we have: 

[ Lf(x)dfx x = f f*tp(y)dfi Y where f*<p(y) = [ ip(x)d^ X - 
J X J Y J f yy) 

Proof. It is enough to show the case when ipx = 1a for A G S(X). So let us show that: 

nx(A) = J Y vx(Anr 1 {y)WY. 

We take a filtration C £_i C B C B 1 C • • • C B t (Bi G S(Y)) so that: 

f\ f-HBAB^nA ■ r\Bi \ Bi-i) HA^B t \ B w (i = 0, 2, . . . , I) 
is a locally trivial fibration with a fiber i^. Then we have: 

= E Hx(r\Bi \ J3 t _i) n A) (additivity of M ) 

i=0 

= E Vx{Fi)v Y {Bi \ (triviality of /U on J3j \ B^) 

(=0 

= E/-Of(-^i) / (definition of /) 

■ = q ■/ Bi\Bi-i J 

= E/ RNR Vx{Fi)dfi Y 

= E/ DND Hx{.A^f-\y))dliY (Fi = AD r\y) for yG B* \ A-i) 
= J y nx(A n /~ 1 (y))^ y (additivity of |). 

□ 

Corollary 2.3. S'ei I; = {j; 6 X | ^(x) = z}, and Yj = {y G Y | f*f(y) = j}- Then we have: 

J2^x(Xi) = Ej>f(Yj). 

« j 

Proof. This is clear, since: 

[ <p(x)dnx =E / v f( x Wx =E / v id[ix =J2 i ^(X i ), 

I 4 2 4 2 

/ fMvWv =E / y . JMvWy = E / = Ei/^OG)- 

□ 

Corollary 2.4. // /^yj is a constant d on y £Y , we have: 

i 

In the sequel, we will apply O. Viro's integral calculus to investigate topology of stable maps 
(see [11] and |12] for a similar strategy). 
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3. Local triviality at infinity 

In this section, we define the notion of local triviality at infinity for a smooth map. 

Definition 3.1. Let / : M — >■ N be a smooth map between two smooth manifolds. We say 
/ is locally trivial at infinity at y € N if there are a compact set K in M and an open 
neighborhood D of y such that / : [M \ K) n f~ l (D) — > D is a trivial fibration. We say / is 
locally trivial at infinity if it is locally trivial at infinity at any y € N . 

Here are some examples of functions not locally trivial at infinity. 

Example 3.2 (Broughton [2]). Consider f(x,y) = x(xy + 1). The critical set of / is 

empty. For t ^ 0, 

f-\t) = {y = (t-x)/x 2 }. 

We have /^(i) = R*, /^(O) = lUR* and xdf' 1 ^)) = -2, Xc(/ -1 ( )) = -3. So this example 
is not locally trivial at infinity on t = 0. The level curves of / with level —1/2,0, 1/2 are shown 
in the figure. The thick line shows the level 0. 





A map / : R 2 — > R with £(/) = may not be surjective. M. Shiota remarked that the map 
R 2 — > R, (x, y) i—)- (x(xy + 1) + l) 2 + x 2 , has empty critical set, and is not surjective. 

Example 3.3 (Tibar-Zaharia [TQ Example 3.2]). Consider f(x,y) = x 2 y 2 + 2xy + (y 2 — l) 2 . 
Then S(/) = {(0,0), (1,-1), (-1,1)} and /(0,0) = 1, /(l, -1) = /(-l, 1) = -1. Since /^(t) 
is two lines (resp. circles) if < t < 1 (resp. — 1 < t < 0), we have: 



-2 (0 < t < 1) 
(-Ki<0). 



So this example is not locally trivial at infinity on t = 0. The level curves of / with level 
— 1, —1/2, 0, 1/2, 1,3/2 are shown in the figure. The thick line shows the level 0. 



4. Euler characteristics of local generic fibers 

In this section, we present a general method for the computations of the Euler characteristic of 
the Milnor fibers of a stable map-germ. We start with a lemma. 
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Lemma 4.1. Let Y be a manifold and let X be a set defined by: 

X = {{x, y) G W x Y : x x 2 + • • • + x 2 = g{y)} 
where g{y) is a smooth positive function. Then X is a smooth manifold and: 

Xc(X) = x(S p ^)Xc(Y) = (1 - (-lT)Xc(Y). 
Proof. It is easy to check that X is a manifold. To obtain the equality, consider the map: 

X -> Y, (x, y) ^ y. 

This is a locally trivial fibration whose fiber is S p . □ 
Example 4.2. Let X be the set defined by: 

X = {(x, y) G W x W : x x 2 + ■ ■ ■ + x 2 = y x 2 + ■ ■ ■ + y q 2 + 1}. 
Since X — > M. q , (x,y) i— > y, is a locally trivial fibration whose fiber is S p , we have: 

xc(x) = xciSP-^xcQV) = (i - (-ini-i) 9 = (-i) 9 - 

Example 4.3. Let X be the set defined by: 

X = {(x, y) G W x W : x x 2 + • • • + x 2 = Vl 2 + ■ ■ ■ + y 2 }. 
Since X \ {0} — > M, q \ {0}, (x, y) \— > y, is a locally trivial fibration whose fiber is S' p_1 , we have: 

Xc(X) =Xc({0}) + XciSP-^XcW \ {0}) 

=1 + (1_(_1)P)((_1)9_1) 
= (-l) P + (-l)' ? -(-l) P+9 . 

Next we will apply this lemma and these examples to the computation of Euler characteristics 
of local nearby fibers of stable map-germs. The general setting is the following. Let B be a 
small open ball in W 1 centered at and let B' be a small open ball in R a+fe centered at 0. We 
consider a map / defined by: 

(4.1) f : B x B' xR h ^RxW xR h , (x,z,c) (g(x;c) + Q(z),g'(x;c),c) 

where Q(z) = z\ 2 + • • • + z 2 — z a+ i 2 — ■ ■ ■ — z a+ b 2 . Remember that stable-germs are versal 
unfoldings, deleting constant terms, of a map-germ x (g(x;0),g'(x;0)), called the genotype, 
and can be written in this form. (See [U Part I, 9.]) 

We want to compute the Euler characteristic of a local generic fiber around the point (0, 0, 0), 
namely the fiber f~ 1 (e, e', c) for small e and e'. First we remark that f~ 1 (e, e' , c) is diffeomorphic 
to: 

F = {(x, z) E B X B' : g(x; c) + Q{z) = e}, 

where B is the nonsingular subset of B defined by g'(x; c) = e' . Note that dim F = n—j+a+b—1 
and dim B = n — j . 

Lemma 4.4. We have: 

Xc(Bo) a even, b even 

x (F) = < Xc ^ + Xc< ^ B+ ^ ~ Xc ( B ~} a even > b odd 
Xc{B) - Xc{B+) + Xc{B-) a odd, b even 

v -2xc{B) - Xc{B ) a odd, b odd 

where: 



B+ 


={x 


G B 


g(x; 


c) 


> e}, 


B 


={x 


G B 


g(x; 


c) 


= e}, 


B_ 


={x 


G B 


g(x; 


c) 


<£}. 
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Remark that B, B + , B- and Bq depend on e, s', c and it would be better to denote them by 
B(e,e',c), B + (e, e',c), B_(e,e',c) and Bo(e,e',c) respectively. But we keep the notation in the 
lemma for shortness. 



Proof. Consider the map: (p : F 



B, (y, z) i-> y. The singular set of ip is described by: 

<m + l (i.e., Q Zl = ■ ■ ■ = Q Za+b = 0), 

where m = n — j and (yi, . . . , y m ) denotes a local coordinates system for 5. Note that, with 
the standard notation, = E a+b ((/j). Now we consider the singular set of V 9 Ie(</3)) which is 

defined by: 

/ 9 Vi Qz k \ 
rank [1 I < m + a + b. 

Since Q is quadratic, we have T, a+b,l (ip) = which means that ip is a fold map. Moreover 
is included in <^ _1 (i?o)- Hence tp\ip-i(B+) an d V ? |cp- 1 (s-) are locally trivial. Furthermore the 
decomposition lp~ 1 {Bq) = £(</?) U (</? -1 (.Bo) \ ^Iv 9 )) gives a Whitney stratification of ip" 1 (Bo) 
and V|s( ¥ j) an< i t P\ip- 1 (B )\T,(ip) have no critical point so tp^-irso) 1S a ^ so trivial by the Thorn- 
Mather lemma. 

Using Examples 14.21 and 14. 3^ we remark the following: 

' -l) b - (-l) a+b x £ Z?_ 

_l)o _ ieB + 
-i) a + (-i) b - (-i) a+b ieB 

In other words, Xc(v 9_1 ( 3; )) is given by the following table: 



Xc(f 1 (x)) 





x e B + 


x e B- 


x e -Bo 


a 


even, b 


even 








l 


a 


even, b 


odd 


2 





l 


a 


odd, 6 


even 





2 


l 


a 


odd, b 


odd 


-2 


-2 


-3 



Xc(F) 



Therefore, using the local trivialities mentioned above, we conclude as follows: 

Xc{Bo) a even, b even 

2 X c(B+) + Xc(B ) = Xc(B) + Xc{B+) - Xc(B-) a even, b odd 

2 Xc {B-) + Xc(B ) = Xc{B) - Xc(B + ) + Xc (B_) a odd, 6 even 

. -2 X c(B+) - 2 Xc {B-) - Z X c(Bo) = -2 X c(B) - X c(B ) a odd, b odd 

Here we use the fact Xc{B + ) + Xc{B~) + Xc(B ) = Xc{B). 

If B is an open m-ball, then Xc(B) = (— l) m and we conclude that: 

'(-l) m ((-l) m + Xc(B )) a even, b even 

l+ 6 / f n = ) -(- 1 ) m (Xc(B+) - Xc(B-)) a even, b odd 

S (-l) m ( Xc (i?+) - Xc(B-)) a odd, 6 even 

.(_!)»((_!)- + Xc (5 )) a odd, 6 odd 

If / is an unfolding of a function-germ (i.e., m = n, j = 0), then B is an open m-ball. 



□ 



l + (-l) r 



Definition 4.5. We consider an unfolding of a function-germ (x,z) t— >■ <7(x;0) + Q(z). Let cx 
denote the singularity type of the map x i-> g(x, 0). When m + a + b is even, define s CT by: 



1 + Xc(^) 



-Xc(B+) + X c(B- 
1 + X c (5o) 



if m is odd and a + b is odd 
if m is even and a + b is even 
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When m + a + b is odd, define s™ 3 *, s™ n by: 
sr x = l-max{ Xc (F)}: 

S r = l-min{ Xc (F)}: 
Now let us apply this machinery to and Dk singularities 



— max{— 1 + Xc(Bo)} if m is odd and a + 6 is even 
min{xc(-B+) — Xc(-B-)} if fn is even and a + 6 is odd 

— min{— 1 + Xc(-Bo)} if m is odd and a + b is even 
max{xc(-E>+) — Xc(B-)} if m is even and a + 6 is odd 



4.1. singularities. We set n = m = 1, j = and: 

# c (a0 = c) = x fc+1 + cix fc_1 H h c k - 2 x 2 + c k -ix. 

Then we have Xc{Bq) = #{x : g c (x) = e} and: 

k even, 



Xc (£+) - Xc{B- 



-1 A; odd. 



If k is even, then we obtain: 



1 - (-l) a+b Xc(F) = { 



1 — #{x € -B : (7 c (x) = e} a even, 6 even 



a even, 6 odd 
a odd, b even 



6 B : g c (x) = e} — 1 a odd, 6 odd 



If k is odd, then we obtain: 



1 - (-l) a+b Xc(F) = { 



1 — #{x € -B : 3 c (x) = e} a even, 6 even 

a even, 6 odd 
a odd, 6 even 
G -B : <7c(x) = e} — 1 a odd, 6 odd 



4.2. Unfoldings of functions (xi,X2,z) i-» p(x,0) + We set n = m = 2 and j = 0. We 

consider the map defined by: 



(4.2) 



2+a+b+h 



0) 



>l+h 



0), (xi,x 2 ,zi, . . . ,Z a+b ,Cl, ...,c h )^ 



(g(xi,X 2 ,Ci, . . . ,C h ) + Z\ -\ V Za ~ Z a +1 2 ^a+fc 2 ,Cl, 



Let r denote the number of branches of the curve defined by g(x; 0) = 0. Since Xc(Bo) = —r, 
we obtain that: 



l + (-l) a+h Xc(F) = { 



1 — r a even, b even 

Xc(B-) - Xc(B+) a even, b odd 

Xc(B+) - Xc(B-) a odd, b even 

r — 1 a odd, 6 odd 



O. Viro [18] described the list of possible smoothings of Dk (k > 4), Eq, Ej, E$, Jio and non- 
degenerate r-fold points. In next subsection, we use this list to compute Xc(B+) — Xc(B-) for 
D k singularities. We leave to the reader the computation in the other cases. 
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4.3. Dk singularities. We denote by the singularity denned by (|4.2p with: 



xi{xi k 2 ±x 2 2 ) + c l x 1 + 



g(x;c) 

First case: k is even and {i £ I 2 : g(x, 0) = 0} has 3 branches. 
The zero set of g{x, 0) looks like the following: 



+ c k _ 2 xi k 2 + c fe _ix 2 . 





D k (k > 4 even) 



First consider the smoothing described by the following picture: 





For such a smoothing, it is easy to see Xc{B+) — Xc{B~) = 0. 

Next we consider the smoothings described by the following pictures: 




< a < 




</3> 



< a + /3 < ^ 



Here (a) represents a group of a ovals without nests. For such smoothings, we see that: Xc(B+)- 
Xc(B^) = 2(1 + a), —2(1 + a), 2(a — /?) respectively. Then we obtain: 

Xc(B+) - Xc(B-) = —k, —k + 2,...,k — 2,k. 

Second case: k is even and {x G M 2 : g(x, 0) = 0} has 1 branch. 

The smoothings are described by the figure on the right-hand side. 



(a) (j3) 

D+ (k even) < a + p < 

For such smoothings, we see that Xc{B+) — Xc(B-) = 2{a — f3). Thus we have: 

Xc{B+) - Xc(B^) = 2 - k, 4 - k, . . . , k - 4, k - 2. 

Third case: k is odd. 



(a) 



(a) 




k-3 



(/3) 



< a + /3 < ^ 



Dk (k odd) 

For such smoothings, we see that: Xc{B+) — Xc{B~) = — 1 — 2a, 1 — 2(a — /3), respectively. Thus 
we have: 

Xc(B+) - Xc(B-) =2 — k,4 — k,...,k — A,k — 2. 
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5. Study of stable maps / : M — > N with dimM > dimiV 

Let / : M — > N be a stable map between two smooth manifolds M and N. Let m = dimM and 
n = dim N. We assume that m > n, that N is connected and that M and N have finite topo- 
logical types. Let a denote the singularity type given by the genotype : x i— >■ (g(x; 0), g'(x; 0)) 
in the notation of (|4.ip . Then the genotype a gives rise to two singularity types of / : we say 
that / is of type a + (resp. a~) if, in the expression of given (|4.1|) . b is even (resp. odd). The 
definition of a + and a~ is ad hoc, since it depends on the normal form (|4.ip . It seems to be no 
natural way to define the sign in general. We set: 

it ± (/) = {x 6 M : f x has singularity of type cr^}, 

where f x : (M,x) — > (N, f(x)) is the germ of / at x. Let £(/) denote the critical set of /. 
Since / is stable, £(/) H f~ l {y) is a finite set for each y £ N. Then / defines a multi-germ: 

f y :(M,E(f)nf-\y))^(N,y). 

Let r denote a type of singularities of stable multi-germs and: 

N T (f) = {y € N : f y has singularities of type r}. 

5.1. Case m — n is odd. If m — n is odd, then Xc(f~ 1 (y')^B £ (x)) does not depend on the choice 
of regular value y' nearby f(x), where B e (x) denotes the open ball of small radius e centered at 
x in M. Indeed, / _1 (y') C\B e {x) is a compact odd-dimensional manifold with boundary and so: 

Xc {r\y')^B~{x)) = x{r l {y')r\BAx)) = \xU~\v') ndB^xj). 

But the last Euler characteristic is equal to x(/ _1 (/( 2; )) H 9B £ (x)). If x is of type v then we 
denote by c v the Euler characteristic Xc{f~ 1 {y') H S e (a;)). 

Replacing the ball of small radius with a ball with big radius and assuming that / is locally 
trivial at infinity, we may establish in a similar way that Xc(f~ l (y)) does not depend on the 
choice of the regular value y of /. We denote this Euler characteristic by Xf- 

Theorem 5.1. Assume that f : M —■ N is locally trivial at infinity and has finitely many 
singularity types (this is the case when (m,n) is a pair of nice dimensions in Mather's sense). 
Then we have: 

(5-1) J2c„xMf)) = XfXc(N), 

V 

provided that the Xc(v(f))'s and Xf « r e finite. Moreover, if all singularities of f are versal 
unfoldings of function- germs then we have: 

(5-2) Xc(M) - XfXc(N) = J2s a [xc{o + {f)) - Xc(M/))] , 

cr 

where a denotes the singularity type of the genotype and s a is defined as in Definition \4-5\ 

Proof. We consider the stratification of / defined by the types of singularities (see Nakai's paper 
[j~2"l §1]) and we define S(M), S(N) as the subset algebras generated by the strata and fibers of 
/. Then (S(X),S(Y)) fits to the map /. Set [ix = Xc = Xc and: 

<p(x) =Xc{r\y')c\~B £ Jx)), 

where y' is a regular value nearby f(x). Applying Corollary 12.31 for ip, Lemma 15.21 and Remark 
15.31 below, we obtain: 

(5.3) J2 c -xMf)) = XfXc(N). 

By the additivity of the Euler characteristic with compact support, we get: 

Xc(M) - XfXc(N) = £(1 - c v )xMf))- 
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If all the singularities are versal unfoldings of function-germs then each genotype gives rise to 
two singularity types cr + (f) and <r~(/) and 1 — c a - = — (1 — c CT +) = — s a by Remark 15.31 below 
and the computations made in Section [H 

□ 

Lemma 5.2. Let f : M —> N be a smooth map such that: 

• dim M — dim N is odd, 

• /|s(/) is finite, 

• f is locally trivial at infinity. 
Then for each y G N , we have: 

f*v(y) = / p{x)dxc = Xc{f~ l {y')), 

where y' is a regular value of f close to y. 

Proof. Set {xi, . . . ,x s } = f~ l {y) fl £(/). Take a regular value y' of / near y. Then: 



Xc(r\y')) =xc(r\y') \ UiB e { Xi )) + j2xc(r L (y') n B e { Xi )) 



X c(r\y) \ UiB e (xi)) + J2 Xc{r\y') n B e ( Xi )) 

i 

Xc(/" 1 (y) \ {sci, . . . , x s }) + J2 <p{xi) 

i 

\ V>(x)dXc+ / ^{x)dxc 

J f~ 1 {y)\{ x i,---, x s] J {x 1 ,...,x s } 

(f{x)dxc- 



if-Hv) 

□ 

Remark 5.3. Set (f>(x) = Xc{f~ l {y') H B £ {x)) where y' is a regular value nearby f(x). Then: 

ip{x) = ^x) + X cU-\y')r\S £ {x)), 

where S e (x) is the sphere of radius e centered at x. If / _1 (y') fl B £ (x) is an odd dimensional 
manifold with boundary f~ 1 (y') H S £ (x), then we obtain (j)(x) = —tp(x), since: 

2<p(x) = xdrHy') n s £ (x)) = -2<p(x). 



Similarly if / 1 (y') fl B £ (x) is an even dimensional manifold with boundary / 1 (y') fl S £ (x), we 
obtain that <j)(x) = <p(x). 

Corollary 5.4. Assume that the map f satisfies the assumptions of Theorem 15, il and has at 

worst A n singularities. Then, we have: 

Xc (M) - xs Xc(N) = £ [xM+(f)) - Xc{A- k {f))] . 

k:odd 

Proof. Using the computations in Section [U we see that SA k = is k is even and SA k = 1 if is 
odd. □ 

Corollary 5.5. Assume that the map f satisfies the assumptions of Theorem \5.1\ and has only 
stable singularities locally defined by (|4.2p . We denote a T the union of singularities types so that 
the number of branches of g(x±, x<i\ 0) = near is r. We denote by a+ (resp. o~~ ) the union 
of such singularities types with even (resp. odd) b. Then, we have: 

Xc(M) - Xf Xc(N) = £(1 - r) [ Xc (a+(/)) - XcK (f))} . 

r 

Proof. Using the computations in Section [U we see that s Ur = 1 — r . □ 
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5.2. Case m-n is even and m-n > 0. If m — n is even and non-zero then Xc (f 1 {y')^B £ {x)) 
depends on the choice of the regular value y' nearby f(x). But its parity does not depend on y' . 
Indeed, f~ 1 (y') H B e (x) is a compact even-dimensional manifold with boundary and so: 

Xc {r\y')nBjx)) = x {r\y')c\Bjx)) 
=WV)nS e (aO) 

^(r\f{x))nS £ {x)) (mod 2), 

where tp denotes the semi-characteristic, i.e., half the sum of the mod 2 Betti numbers (see |20j). 

If a point x in M is of singular type v then we denote by c v the mod 2 Euler characteristic 
Xc(f~ 1 {y') H B £ {x)). We will denote by Xf the mod 2 Euler characteristic Xc(f~ 1 (y)) where y 
is a regular value of /. The following theorem is proved in the same way as Theorem 15. II 

Theorem 5.6. Assume that f : M — > N is locally trivial at infinity and has finitely many 
singularity types (this is the case when (m,n) is a pair of nice dimensions in Mather's sense). 
Then we have: 

(5-4) J2c„Xc(Hf))^XfXc(N) (mod 2), 

V 

provided that the Xc{v{f))'s and Xf are finite. Moreover, if all singularities of f are versal 
unfoldings of function- germs then we have: 

(5.5) Xc (M)- X fXc(N)^Y: s 4xc(v + (f))-Xc(o--(f))} (mod 2), 

(7 

where a denotes the singularity type of the genotype and s a is defined as in Definition \4-5\ 

This theorem gives a mod 2 equality. Nevertheless, it is still possible to find integral relations 
between the topology of the source, the target and the singular set. 

Let v denote a singularity type of a map-germ. Let c™ ax (resp. c™ in ) denote the maximal 
(resp. minimum) of all possible Euler characteristics of local regular fibers nearby the singular 
fiber. Set also: 

JYj nax ={y G N : j = max{x c (/ _1 (y 1 )) : y' a regular value nearby y}} , 
jy-mm e jy . j _ m i n |^ c (j~ 1 (y / ^ : y' a regular value nearby y}}. 

Theorem 5.7. If a smooth map f : M — > N is locally trivial at infinity and has finitely many 
singularity types (this is the case if (m,n) is a pair of nice dimensions in Mather's sense), then: 

EC ax -x c ^(/))>Eix c (A r f ax )' 

v j 

J2C in -xMf))<J2jxc(Nfn, 

provided the Xc(^(/)) 's, the Xc(-^j nax )' s an d the Xc(-^ r j nm ) 's are finite. If f is stable, we have 
the equalities. Moreover, if all singularities are versal unfoldings of function- germs then: 

Xc (M) - ^jXc(N^) =^[ S T x Xc(o- + (f)) - s^ Xc {a~ (/))], 

3 cr 

X C (M) - EiXc(ATf in ) =J2[sr Xc (o-+(f)) - C ax Xc(^"(/))], 

3 a 

where a denotes the singularity type of the genotype and s™ 8 ^ and s™ m are defined in Definition 

Proof. To get the first inequalities, we apply the same method as we did in the proof of Theorem 
15.11 with the two following constructible functions t/J max and (/3 m ; n : 

^max(^) =max{x c (/~ 1 (y / ) n B e {x)) : y' is regular value nearby f(x)}, 
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Pmm(x) =min{x c (/ (y) n B £ (x)) : y is regular value nearby f(x)}. 



We also use Lemma 15.81 below. 

When / is stable, by the additivity of the Euler characteristic with compact support, we get: 



X. 



Xc (M) -Y^Xc(Nf-) = ^(1 - C n ) Xc (K/))- 

3 v 

If all the singularities are versal unfoldings of function-germs then each genotype gives rise to 
two singularity types cr + (f) and tr_(/). Using the computations done in Section m we see that: 



i „max _ max -i max _ mm -i mm _ mm j -i mm _ max 

1 ~~ C <T+(/) ~ S V J 1 ~~ C (T-(/) ~~ _S CT ' 1 ~~ C <7+(/) — S <7 5 anCl 1 _ C (T-(/) — _S 0- ■ 

Lemma 5.8. Let f : M — »• N be a smooth map such that: 

• dim M — dim N is even, 

• /ls(/) is finite, 

• f is locally trivial at infinity. 

Then we have: 

/*<Anax(y) >max{x c (/ _1 (y')) : v' a regular value nearby y}, 
f*<Pmin(y) <min{xc(/ _1 (y')) : v' a regular value nearby y}. 
We have the equalities when f is stable. 

Proof. Set {xi, . . . ,x s } = f~ l {y) PI £(/). Take a regular value y' of / near y. Then: 

xc{r\y')) =xc{r\y') \ uM^)) + Y,Xc{r\y')r\BA^)) 



□ 



=xc(r\y) \ u<s e (^)) + £x c (rV) n s e (xi)) 

<Xc{f~ l {y) \ {xi, ■ ■ -,X S }) +Yl'Pmax(Xi) 

i 

— / Vmax (x)dxc+ / Vmax (x)dXc 

J f 1 (.v)\{xi,—,x<,} J{xi,...,x„} 

f~Hv) 

When / is stable, we see that the equality is attained by some y' using the fact (i)<^=^(iii) of 
|2H Lemma 1.5]. 
Similarly we obtain: 

Xc(rV)) =xc(r\y') + J2xc(r 1 (y') nW) 

i 

=xc{r\y) \ Ui^)) + ExcCrHy') n%)) 

i 

>XcU~ l {y) \ {xi,...,X s }) +Y^ l Pmm(xi) 

i 

Vmin Vmin 

^ {xi,...,x s } 

^min^MXc = /*^min(y)- 

/-Ms/) 
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When / is stable, we see that the equality is attained by some y' using the fact (i) < ^=^(iii) of 
[2T1 Lemma 1.5]. □ 



Now let us apply this theorem to the case of a map having at worst D n singularities. Using 
the computations in Section [U we see that: 

' k ifxeA-(f) 

1 if x e A+(f), k odd, 
if x e A^(f), k even, 
—k if x G D^(f), k even, 

2 - k if x € D^(f), k even, 
2 — k if x e D k (f), k odd. 

Corollary 5.9. // the map f satisfies the assumptions of Theorem \5. 7| and has at worst D n 
singularities then: 



1-cE 



'-k 


iixeA+(f), 






-1 


XxeA^(f), 


k 


odd, 





ifxe A^(f), 


k 


even, 


< 

k 


if xeD-(f), 


k 


even 


k-2 


if £»+(/), 


k 


even 


k-2 


if x e D k (f), 


k 


odd, 



1-cH 



j k>0 kiodd k kieven 

Xc(M) -J2jXc(Nf n ) = J2 k X c(A;(f)) + J2 Xc(At(f)) + ^(2 - k) Xc (D h (f)) - 2 ]T X e(^(/)) 

J fc>0 k:odd k k:even 

Proof. Combine the previous theorem with the above expressions of (/7 max and </?mm- 



□ 



Corollary 5.10. Assume that a map f satisfies the assumptions of Theorem 5.1 and has at 

worst A n singularities. 
When dimiV = 1, we have: 

Y^MN?**) = X c{M) + xM 1 {f)), ^.y\, !.v;" il; ) = Xc {M) - X c{Mf)l 

3 3 

and thus: 

3 

E|[x c (^ max ) - Xc(Nf»)] = xM^f)) = xc(s(/)). 

3 

When dimiV = 2, we have: 

£iXc(JVf aX ) =Xc(M) + Xc (^l(/)) + 2#(^+(/)), 

3 

Y.^{Nf*) = Xc (M) - Xc(>li(/)) - 2#(A 2 -(/)), 



and t/ius: 

E ilxdNm + xc(ivf in )] = xc(M) + - #(A 2 -(/)), 

E Uxc(Nr x ) - Xc(Nf»)\ = Xc(A 1 (f)) + #(A 2 (f)) = Xc(S(/)). 

3 

When dimiV = 3, we have: 

Y^ N T =Xc(M) + Xo(^i(/)) + 2 X c(A+(f)) + #(Mf)) + 2#(^(/)), 
i 

E^e(^f n ) =Xe(M) - Xc(Ai(/)) - 2x c (A 2 -(/)) - #(A 3 (f)) - 2#(A 3 -(/)), 
i 

and i/ius; 

E W") + Xc(Nf*)] = Xc(M) + Xc(A+(/)) - Xc(^ 2 -(/)) + #(^+(/)) - #(A 3 -(/)), 
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E i iXc(N^) - Xc (iVf in )] = Xc(A 1 (f)) + X c(A 2 (f)) + 2#(A 3 (f)) = Xc (S(/)) + #(A 3 (/)). 
i 

5.3. Case ?n — n = 0. Here we assume that M and A" are oriented and have the same dimension 
n. If a point x in M is of type v, we denote by d v the local topological degree of the map-germ 
/ : (M, x) — > (iV, fix)). We assume that / is finite-to-one and that / is locally trivial at infinity. 
In this situation, it is possible to define the mapping degree of / as follows: 

deg/= deg(f :(M,x)^(NJ(x))), 

where y is a regular value of /. 

Theorem 5.11. Assume that a map f : M — >• N is finite-to-one, locally trivial at infinity and 
has finitely many singularity types. We also assume that M and N are oriented and that N is 
connected. Then: 

J2d aX Mf)) = (degf)Xc(N), 

V 

provided that the Xc( z/ (/)) 's are finite. 

Proof. We consider the stratification of / defined by the types of singularities (see Nakai's paper 
[T2l §1]) and we define <S(M), S(N) as the subset algebras generated by the strata and fibers of 
/. Then (S(X),S(Y)) fits to the map /. Set nx = Xc I^Y = Xc and: 

ip(x) = deg(f:(M,x)^(NJ(x))). 

Applying Corollary 12.31 for <p and remarking that f*(p(y) = deg/, we obtain the result. □ 

If x is a point of type with k even, we say that x belongs to (/) (resp. A^(f)) if 
deg{/ : (M,x) -> (N,f(x))} = 1 (resp. -1). 

Corollary 5.12. A ssuthg that f satisfies the assuuiptioTis of Theore7n \5. 11\ and has at worst jA n 
singularities. Then we have: 

£ [xc(A+(f)) - Xc(A~(f))] = (deg f)xc(N). 

k:even 

Proof. Apply the previous theorem and the fact that deg{/ : (M,x) — > (N,f(x))} = if 
x G A k (f), k odd. □ 

The map / : (R 4 ,0) — > (K 4 ,0) is an singularity if / is defined by: 

(x, y, a, b) i ^ (x 2 ±y 2 + ax + by, xy, a, b). 

This is the only singularity of stable-germs which is not a Morin singularity from M 4 to M 4 . We 
can state: 

Corollary 5.13. Assume that f satisfies the assumptions of Theroem \5.11\ and that n = 4. 
Then we have: 

E [Xc(A+(f))-Xc(A-(f))] +2#(J 2 - 2 (/)) = (deg/) Xc (iV). 

k:even 

Proof. Remark that the mapping degree of f x is 2 (resp. 0) when x is an (^22) P om t- ^ 

A similar discussion shows the following: 

Theorem 5.14. Assume that a map f : M — >• N is finite-to-one, locally trivial at infinity and 
has finitely many singularity types. We assume that M or N may not be orientable and that N 
is connected. Then: 

E^Xc(M CT (/)) = (deg f)xc(N) (mod 2). 
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6. Applications to Morin maps 

In this section, we apply the results of the previous section to Morin maps. We will consider 
three different settings : Morin maps from a compact manifold M to a connected manifold 
N such that dim M — dim N is odd, Morin maps from a compact manifold M to a connected 
manifold N with dimM = dimiV, Morin perturbations of smooth map-germs. 

6.1. Morin maps from M m to N n , m — n odd. Let / : M m — > N n be a Morin mapping 
from a compact m-dimensional manifold M to a connected n-dimensional manifold N. 

Let us recall that a point p in M is of type A k if its genotype is x k+l . This means that 
there exist a local coordinate sytem (x±, . . . ,x m ) centered at p and a local coordinate system 
(yi, . . . , y n ) centered at f(p) such that / has the following normal form: 

Vi ° / = Xi for i < n- 1, 

-f — _i_ \ T ^ 1 ,f, . r y, k i _i_ ™,2 _i_ _ _ _ _i ™2 ,-j->2 _ _ _ ™2 

n u J — x n TZji=l XlX n ~r x n+l t "r X n+A-1 X n+A x m' 

Note that x belongs to At(f) (resp. if and only if m — n — X + 1 is even (resp. 

odd). We should remark also that if k is odd then x £ A^ (/) (resp. .A^ (/)) if and only if 
Xc(f~ 1 (y') H B e (x)) = x(f (y') n 5 e (x)) = (resp. 2) where y' is a regular value of / close 
to f(x). It is well known that for k > 1, the A k (f) , s are smooth manifolds of dimension n — k, 
that the Afc(/)'s are smooth manifolds with boundary and that: 

1^7) = Ui> k Mf), dMJ) = u l>k A t (f). 

We will describe more precisely the structure of the A^ (/)'s. 

Proposition 6.1. If k is odd then A£(f) and Aj^(f) are compact manifolds with boundary of 
dimension n — k. Furthermore dAt(f) = dA k ~(f) = Ak+i(f). 

Proof. Let p be a point in A k (f), k odd. There exist local coordinates around p and f(p) such 
that / has the form: 

V%° f = Xi for i < n - 1, 

Dn ° / = x n +1 + Yli=l x i x n 1 + X^ + i + • • • + X n+\-l ~~ X n+X ~ ' ' ' ~ X m- 

Let us write g = y n ° f ■ Around p, A k (f) is defined by = ■ ■ ■ = = and x n+1 = ■■■ = 
x m = 0. It is easy to see that this is equivalent to x\ = ■ ■ ■ = x k -\ = and x n = ■ ■ ■ = x m = 0. 
This proves that A k {f) is a manifold of dimension n — k. Let q = (q±, . . . ,q m ) 6 A k (f) be a 
point close to p. We have q± = . . . = q k -i = and q n = . . . = q m = 0. For i £ . . . , n — 1}, 
let us put Zj = Xj — and Wi = yi — qi. For i ^ {/c, . . . , n — 1}, let us put Z{ = Xi and u?i = yj. 
Then (z±, . . . , z m ) and (u>i, . . . , «;„) are local coordinate systems centered at q and f{q). In these 
systems, / has the form: 

Wi o / = Zi for i < n — 1, 

w n o f = z^+i _|_ ^\ =1 Z{z\ % + + • • • + z^ +x _ x — z^ + \ — • • • — z^. 

We conclude that q belongs to A^(f) (resp. A^(f)) if and only if p belongs to At(f) (resp. 
Ar(/)). This proves that the sets A£(f) and A^(f) are open subsets of A k {f), hence manifolds 
of dimension n — k. 

We know that A k (f) = Ui>kAi(f). Let I > k and let p S Ai(f). There are local coordinates 
systems around p and f(p) such that / has the form: 

Vi / = Xi for i < n - 1, 

/l j fl f /yi^-l-l I \ ^ . % I 2 j _ _ ^ I /y> 2 ™, 2 _ | < ™ 2 

yn u J — x n T 2-ji=1 x « x n "T x n+l ' "r X n +A-1 X n+A x m- 

Let us denote by g the function y n o /. We have: 

f 9^ d k+l g ) 

^ (/) = i^ = --- = 54 =0 '^ +1 = --- = Xm = '^F^°|' 
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and 

f dg d k+1 g 

^ +i(/) = i^ = --- = ^F =0 ' x " +i = -" =Xm=0 

Let q = (gi, . . . , q n , 0, . . . , 0) be a point in Ak(f) close to p. Let us find when q € A^(f) or 
q € Afc(f). For this we have to compute ip(q) = H B e (q)) where y' is a regular value 

of / close to /(g). Since it does not depend on the choice of the regular value because m — n 
is odd, let us compute x{f~ l {y) H B £ (q)) where y = (gi, . . . , q n -i,q n + e) and e is a small real 
number. So we have to look for the zeros lying close to q of the following system: 

Hi ° f(x) = qi for i < n — 1 
g(x) = g{q) + e. 

This system is equivalent to: 

X; = o,- for i < n — 1 



2(<7i, • • • , + x^, x n+ i, . . . , x m ) = g(q) + e. 

But we have: 

9(Ql j ■ ■ ■ j 9n— 1 > 9n "I - X n +1 > • • • j 
=g{ ( lli ■ ■ ■ i Qn~l,Qn + ^4, 0, . . . , 0) + X,^ +1 + • • • + X^ +A _ 1 — X^ +A — • • • — X m 

_ I \ , \ ^ 1 9^9 / \ I i , 2 i , 2 2 2 

— 5WJ "I - T\^r^ X n+1 "I r ^n+A-l ~~ X n+A ^ 

i>fc+l ' n 

=5(9) +ff(^,a; n+ i,...,x m ). 

Hence by Khimshiashvili's formula [9], we have : <p(q) = 1 — deg Vg', where deg Vg' is the 
topological degree of the map : S™~ n — > S m ~ n . Two cases are possible. If A is even then: 

f)k+i a d k+1 a 
Q € O -^(g) > and g G O -^(g) < 0. 

oxn ox n 



If A is odd then: 



(9) > 0. 



Finally we see that the sets A^(f) and are in correspondence with the sets A; t (f) n 

{ fc+ f > 0} and Ak(f) fl { fc+ f < 0}, which enables us to conclude. □ 

OX n OX n 

We can state our main theorem which is a slight improvement of a result of T. Fukuda [5] for 
N = R n and O. Saeki [H] for a general 2V. 

Theorem 6.2. Let f : M m —¥ N n be a Morin mapping. Assume that M is compact, N is 
connected and m — n is odd. Then we have: 

x(M) = £ [ x (aJU)) ~ x(aYU))_ . 

k.odd 

Proof. Applying Corollary 15.41 we get: 

Xc(M)- Xf Xc(N)= £ [xc(Ai{f))-Xc(A-(f))l 

fc:odd 

where X/ is the Euler characteristic of a regular fiber of /. In this situation, Xf = because the 
regular fiber of / is a compact odd-dimensional manifold. Then we remark that Xc(M) = x(M) 
because M is compact. Moreover by the additivity of the Euler-Poincare with compact support, 
we have: 



x(AUf)) =Xc(A+(f)) = Xc(AUf)) + X c(d(AUf))) = xMUf)) + Xc(A k+l (f)), 
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X {A- k {f)) =Xc{A- k {f)) = Xc(A- k {f)) + Xc{d{A- k {f))) = Xc {A- k {f)) + X c{A k+l {f)). 



This implies that x(A+(/)) - X (A k (f)) = Xc(A+(f)) - Xc(A k (f)). □ 

We end this subsection with two remarks: 

(1) If m is odd then n is even and x(M) = 0. If k is odd, the dimension of A k (f) and A k (f) 
is odd. Furthermore, we have: 

1 / »-, — TXTTTn 1 ,-: rrr, 1 



X (A+(f)) = - X (dA+(f)) = -x(A k+1 (f)) = ^x(dA k (f)) = x(A k (f)), 



and x(At (/)) — x(A k (/)) = 0. In this case, our theorem is trivial. 
(2) If m is even and n = 1, then we can apply our theorem. In this situation, there is 
only a finite number of singular points, which are the elements of Af(f) and of A^(f). 
Theorem 16.21 gives that x{M) = #Af(f) — ^A^(f). We recover the well-known Morse 
equalities. 

6.2. Morin maps from M n to N n . Let / : M n — > N n be a Morin mapping from a compact 
oriented manifold M of dimension n to a connected manifold N of the same dimension. For any 
p G M, let </>(p) be the local topological degree of the map-germ / : (M,p) — > (N,f(p)). Recall 
that ip(p) = if p G A k (f) and /c odd and that = 1 if p G A k (f) and /c even. Hence, if A: 

is even, A k (f) splits into two subsets A k (f) and ^ (/) where A k (f) (resp. ^L~T(/)) consists of 
the points p such that (p(p) = 1 (resp. (p(p) = — 1). It is well known that the A k (fys are smooth 
manifolds of dimension n — k, that the A k (fYs are smooth manifolds with boundary and that: 



Mf) = Ui> k Mf), dA k (f) = u l>k Mf). 

Remark that ^4o(/) is the set of regular points of /. Let us describe more precisely the structure 
of the sets A k (f). 



Proposition 6.3. Ifk is even, then A k (f) and A k (/) are manifolds with boundary of dimension 
n-kand dA+{f) = dA~(f) = A k+1 (f). 

Proof. Let p be a point in A k (f), k even. In local coordinates, / is given by: 

Vi / = Xi for i < n - 1, 

Un ° / = x n +1 + Si=l x i x n % • 

If we suppose that (x±, . . . , x n ) and (yi, . . . , y n ) are coordinates in direct basis, then / has two 
possible forms: 



Hi ° f = Xi for i < n — 1 , l?/i / = x i f° r i < ^ — 1 



or 



„k—i 



Vn°f= < +1 + EiJl^n . lyn°/= "X* +1 + £i=l '(-l)*"'^. 



In the first case, (p(p) = 1 and in the second case (p(p) = —1. 

We can prove the fact that A%(f) and A k (f) are manifolds of dimension n — k with the same 
method as in Proposition 16.11 Now let I > k and let p G Ai{f). Locally / is given by: 

Vi ° / = Xi for i < n - 1, 



Let us denote by g the function y„ o /. We have: 



Qk g Qk + l 



and: 



9x n ,9a;n 



fc+1 
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Let q = (gi, . . . , g n ) be a point in Ak(f) close to p. Let us find when q S At(f) or g 6 A^(f). 
For this we have to compute </?(g). Let e be a small real number and let us look for the zeros 
lying close to q of the following system: 

V% ° /(z) = gi for i < n - 1, 
#0) = 5(9) + e. 



This system is equivalent to: 



But: 



Xi = qi ioi i < n — 1, 
g(gi,...,g n _i,g n + x / n ) = g(g) + e. 



5r(gi,...,g n _i,g n + x^) =5(g)+ E ^(g)x^. 

i>fc+i X?1 

Then we see that 92(g) = sign fc+ f (g). We conclude as in Proposition 16. 11 □ 

Theorem 6.4. Let f : M n — > N n be a Morin mapping. Assume that M is compact and oriented 
and that N is connected and oriented. We have: 

E [x(^U))-x(AjU))} = (deg f) X (N). 

k:even 

This is proved by I. R. Quine [13] when n = 2. It appeared in a preprint of I. Nakai [11| for 
any n. 

Proof. By Corollary 15.121 we know that: 

£ [Xc(4f(/))-Xc(Afc(/))] =(deg/) Xc (iV). 

A;: even 

If N is compact then Xc(N) = x(iV) and if N is not compact then deg / = 0. In both cases the 
equality (deg/)x c (iV) = (deg/)x(iV) is true. With the same arguments as in Theorem 16.21 it 
is easy to prove that - X {Al{f)) = Xc(A+(f)) - Xc{A7(f)). □ 



Remark 6.5. When n is odd, A^(f) and A^(f) are odd-dimensional manifolds with the same 
boundary and so the left hand-side of the equality vanishes. But the right-hand side is also zero 
because x(iV) = if N is compact and deg / = if N is not compact. Hence our theorem is 
trivial in this case. 

6.3. Local versions. We give local versions of the global formulas of the previous subsections. 

We work first with map-germs / : (M n ,0) — > (M p ,0), n > p, which are generic in the sense of 
Theorem 1' in [3]. There are two cases: 

Case I) If the origin is not isolated in / _1 (0), i.e G / _1 (0) \ {0}, then there exist a positive 
number £0 and a strictly increasing function 5 : [0, £0] -4 [0, +00) with 8(0) = such that for 
every e and 8 with < e < £q and < 8 < 8(e) the following properties hold: 

(1) /~ 1 (0) fl S 1 ™" 1 is an (n—p— l)-dimensional manifold and it is diffeomorphic to /~ 1 (0) Pi 
™- 1 

(2) B™ n f (Sg~ ) is a smooth manifold with boundary and it is diffeomorphic to B™ fl 



^ S ^ j is a omuuiii maiiiiuiu witii uuunuai^ anu n is uixieuniui piiii; iu jj £q 

r\s^). 



_8{e )i 

(3) d(Bfn is homeomorphic to S™~ 1 . 

(A) The restricted mapping / : r\ f~ 1 (S p 5 ~ l ) -> S^' 1 is topologically stable (C°° stable if 
(n,p) is a nice pair) and its topological type is independent of e and 8. 
Here B™ denotes the open ball of radius e centered at and S 1 ™ -1 the sphere of radius e centered 
at in W 1 . 



Case II) If the origin is isolated in / 1 (0), i.e ^ / x (0) \ {0}, then there exists a positive 
number £q such that for every £ with < £ < £q the following properties hold: 
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(1) f^iSr 1 ) is diffeomorphic to S™" 1 . 

(2) The restricted mapping / : / _1 (Sf ) -> is topologically stable (C°° stable if (n,p) 
is a nice pair) and its topological type is independent of e. 

We will focus first on Case I). Note that in this case, B™ n f~ 1 (B P ) is a manifold with corners 
whose topological boundary is the manifold with corners B™ fl f~ 1 (S p 1 ) U n f~ 1 (B P ). We 
will use the following notations : B £jS = /^(BfjOB" aB 6 ,j = i^n/ -1 ^ -1 )^-^/- 1 ^), 
C £j< 5 = J3g (~l /~ 1 (5 , ^~ 1 ) and I £j $ is the topological interior of B £i g. 

Let us denote by df the restricted mapping f\Q e g : C £i< 5 — >• and let us assume that it is 
a Morin mapping. Let us consider a perturbation f of f such that /i/ e s : — > is a Morin 

mapping and / = / in a neighborhood of C £ §. 

Our aim is to generalize Theorem 2 of [1] which deals with map-germs from R n to R, i.e to 
relate the topology of Lk(/) = / _1 (0) n S 1 ™ -1 to the topology of the singular set of / and to the 
topology of the singular set of df. As in the previous sections, we will denote by A k (f) (resp. 
A k (df)), the set of singular points of / (resp. /) of type A k . The first result is a local version 
of Saeki's formula (Theorem 2.3 in |14j). 

Theorem 6.6. We have: 

p-i 

V>(Lk(/)) = 1 + ^(Mdf)) + #A p (f) mod 2, 

k=l 

where ip denotes the semi- characteristic. 

Proof. Note that for 5 a sufficiently small regular value of / (\5\ < 5), we have: 

X c(f-\d)ni e ,s) = xCT^n/^) = x(/ _1 Wns M ) = ^(r^nsr 1 ) = V>(Lk(/)) mod 2. 

The last equality comes from the fact that / has an isolated singularity, that f~ 1 (5) intersects 
S £ ~ l transversally and that / is close to /. 

On the one hand, applying Theorem 15. 1\ Theorem 15.61 and their corollaries to the restriction 
of / to I £i g, we obtain: 

E Xc(A k (f) n I £! s) = ^(Lk(/)) mod 2. 

fe:even 

On the other hand, by additivity, we have: 

1 = Xc(Ie,8) = Xc(Ie,S n A k (f)) mod 2. 
k 

For each k > 1, we have: 

A k (f) n 4 i(5 = A fc (/) n i M u A k+1 (f) n l £)6 u n C M , 

because if e and 5 are small enough the singular set of / does not intersect f (B?) H S 1 ™ -1 . 

Before carrying on with our computations, let us observe that for k € {1, . . . ,p — 1}, A k (f) n 
C £j< 5 = A k (df). It is not difficult to see this with the characterization of the A k sets by the 
ranks of the iterate jacobians. Moreover, using the characterization of the At and A^ sets 

by the Euler characteristic of the nearby fiber, we can say that A^(f) n C £: s = A^(df) and 

A-(f)nC £i5 = A-(df). Hence: 

x(A k (f) n i £ ,s) =xc(A k (f)ni e , s ) 

=Xc(A k (f) n I £ , s ) + Xc(A k+1 (f) n l £tS ) + Xc (A k (f) n C M ) 

=Xc(A k (f) n I £)S ) + Xc(A* +1 (/) n I £>5 ) (mod 2), 
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because Ak(f) fl C £; $ is a compact boundary. Furthermore, we have: 

x(A k+1 (f) n i s>s ) = X c(A k+1 (f) n i £)S ) + Xc (A k+1 (f) n C £)S ) = Xc (A k+1 (f) n l £>5 ). 

Finally, for each k, Xc{A k {f) n I £)(5 ) = x(A fc (/) n I e>5 ) + x(4fc+i(/) n I B)tf ), and so: 

v 

^(Lk(/)) =1 + J>(A fc (/) n/ Cj4 ) mod 2, 
fc=i 
p-1 

V(Lk(/)) =1 + £ 4>(A k (df)) + #A P (/) mod 2. 
fc=i 

□ 

Let us examine some special cases. When p = 1, we find: 

V(Lk(/)) = 1 + = 1 + deg V/ (mod 2), 

where deg V/ is the topological degree of the map jj^jj- : S £ _1 — )• 5 n_1 . This due to the fact / 

is a Morse function and the points in A\(f) are exactly its critical points. When p = 2, we find: 

V(Lk(/)) = 1 + + #A 2 (/~) mod 2. 

If / is close to / then ip(Ai(df)) is equal to \b(C{f)) mod 2 where C(/) denotes critical locus 
of / and b(C(f)) the number of branches of C(f). Hence: 

V(Lk(/)) = 1 + h(C(f)) + #A 2 (f) mod 2. 

Since b(C(f)) is a topological invariant of /, we deduce that #A2(f) mod 2 is a topological 
invariant of /. Similarly if p = 3, this gives: 

^(Lk(/)) = 1 + ^(C(/) n 3B M ) + h(C(f lc{f) )) + #A 3 (/) mod 2. 

In the sequel, we will improve Theorem 16.61 in some situations. Let us assume that n — p is odd. 

Theorem 6.7. If n — p is odd, then we have: 

X (Lk(/)) = 2 - 2 [x(A+(f)ni e , s ) - x(A- k Cf)nI £ . s ) . 

k:odd 

Furthermore, when n is odd and p is even, we have: 

X (Lk(/)) = 2 - £ [x(AjW)) ~ x(A k W))~ . 

k:odd 

Proof. With the same notations as in Theorem 16.6} we can write: 

xdtHs) n B e>8 ) = xdrHs) n i £jS ) + xdrHs) n dB £>s ), 

thus: 

±x(Lk(/)) = XcitHh n I £ , s ) + x(Lk(/)). 

Therefore, we get: 

x c (r 1 (5)n/ e , 5 ) = -ix(Lk(/)). 

Applying Corollary 15.41 we obtain: 

Xc{h,s) + ^x(Lk(/))xcK) = £ Xc(A+(f) n i £ ,s) - Xc {A- k (f) n l E>6 ). 

fc:odd 

Let us compute Xc{Je,s)- We have: 

x(B e>s ) = Xc(B £tS ) = xc(ie,s) + Xc(B? n rHSf 1 )) + Xc (sr 1 n r 1 (£?))• 
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If n is odd and p is even, we have: 

x (B £jS ) = \ x (sr l n r x K)) + \x(M n rvr 1 )), 

and: 

xtfnf 1 ^" 1 )) = Xc (Wn/- 1 (^r 1 )) 

= Xc (s £ " n rVr 1 )) + xcl^r 1 n rHsl 1 )) 

= Xc (b? n rvr 1 )) + xisr 1 n rvr 1 )) 

=x c (^n/- 1 (5f- 1 )). 

Thus we obtain: 

Xc(i £ ,s) ^xisr 1 n r\W)) + ^n/- 1 ^" 1 )) - x^nr 1 ^" 1 )) - xisr 1 n r 1 ^)) 
= - ^x(W n r^sT 1 )) " 5X(S? _1 n Z" 1 ^)) = -x(s.,*) = -1. 

Finally we get: 

i x (Lk(/)) =i+J2 [xM+(f) n j e ,i) - xc(A- k (f) n / M / 

A;:odd 

which means: 

x(Lk(/)) = 2 + 2 ]T [x c (A+(/~) n i £ , 5 ) - xc(^(/~) n l M ) 



fc:odd 

Since dim Af(f) = dim A7(f) = p — k is odd, we can establish using the same arguments as 
above that: 

Xc (A+(f)nl £ , 5 ) = - x(A+(f)ni e , s ) = -\x(A+{f) nc E>6 ) - ± x (A k+1 (f)ni e , s ), 
xMi(f)ni e , s ) = - x(Ak(f)ni £ , s ) = ~x(^(/)nc e ,,) - \x(A k +i(f) m £ , s ). 

Finally, we obtain: 

X (Lk(/)) = 2 - 2 £ [ x (A+(/)n/ M ) - x(A^(/)n/ M )] = 2 - ^ [x(I+W)) - xOWf)) 

fc:odd fc:odd 

If n is even and p is odd, then: 

1 
2 



So Xc(ie,5) = x(^e,<5) = 1, and: 

1 - E Xc(A+(f) n 4 >a ) + ^ Xc{A- k (f) n / M ) = i*(Lk(/)), 

fc:odd fc:odd 

and then: 

x(Lk(/)) = 2-2(5] Xc(^(/~) n / e ,i) - J] XcOW) n J M ) ] 

\fc:odd fc:odd / 

Here dim^4i"(/) = dimA^"(/) = p — k is even when k is odd. We have: 



x(A+(f)ni £ , s ) =xc(A+(f)ni e , s ) 



--xMt(f) n 7 M ) + xc(^+i(/) n j £j5 ) + xc(^(/) n c £ , s ) 
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=Xc(A+(f) n i e>s ) + Xc(A k+l (j) n l EjS ) + x (A+(f) n C M ) 
=Xc(A+(/) n i M ) + X c(A k+1 (f)ni e>5 ). 

Hence: 

x(A+(f) n J M ) - x(^(/~) n J e ,«) = x c (A+(/~) n h, s ) - x(A^(f) n J M ). 

□ 

The same results hold in Case II) replacing B £ n / _1 (Sf _1 ) with which is diffeo- 

morphic to 5 1 ™ -1 , B £ $ with f~ x (B £ ), I £: s with the topological interior of f~ 1 (B £ ) and x(Lk(/))) 
with 0. 

Now we work with map-germs from (R n ,0) to (R n ,0). Let / : (M n ,0) -)■ (R",0) be a map- 
germ such that is isolated in / _1 (0). We assume that / is generic in the sense of Theorem 3 
in [3] : there exists a positive number eq such that for any number e with < e < Eq, we have: 

(1) = /~ 1 (S'™~ 1 ) is a homotopy (n — l)-sphere which, if n ^ 4,5, is diffeomorphic to 
the natural (n — l)-sphere £ n , 

(2) the restricted mapping f\§n-i : — > -S™" 1 is topological stable (C°° stable if (n,p) is 
a nice pair), 

(3) letting B £ = f~ 1 (B™), the restricted mapping f^ n : B™\{0} — > i?™\{0} is proper, topo- 
logically stable (C°° stable if (n,p) is nice) and topologically equivalent (C°° equivalent 
if (n,p) is nice) to the product mapping: 

(f l§r i) x Id (0)£) : Sr 1 x (0,e) S?" 1 x (0,e), 

defined by (x,i) h-> (f(x),t), 

(4) consequently, : 5™ — >• £>™ is topologically equivalent to the cone: 

c(f\gn-i) : sr 1 x [o^ysr 1 x {o} -> sr 1 x M/sr 1 * m, 

of the stable mapping f\§n-i ■ — > /S™ -1 defined by 

C(f^-i)(x,t) = (f(x),t). 

Note that in this case B £ = /~ 1 (S") is a smooth manifold with boundary / _1 (S'™~ 1 ). This last 
manifold has the homotopy type of S" 1 ^ 1 . 

We will keep the notations of the previous sections. We denote by B £ the set f~ 1 (B £ ), by 
I £ its topological interior and by dB e its boundary. We denote by df the restricted mapping 
f>gg : dB £ — > and we assume that it is a Morin mapping. 

Let us consider a perturbation / of / such that /ij : I e — > is a Morin mapping and / = / 

in a neighborhood of dB £ . 

The main result is a local version of Corollary 15.121 

Theorem 6.8. We have: 

de so/= E [x(4(/)n/ E )-x(4(/)n4)], 

where deg / is t/ie /oca? topological degree of f at 0. 
Proof. Using Corollary 15.121 we obtain: 

(de g0 /)(-ir= £ Xc (^+(/)ni e )-xc(^fc(/)ni 6 ). 

fc:even 

It remains to relate the Euler characteristics with compact support to the topological Euler 
characteristics. But, as in Theorem 16.71 we have: 

xM+if) n i £ ) - xc{A- k {f) n j e ) = (-i)"" fc (x(A+(/)n/ e ) - x (^(/)n/ e )) . 
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□ 



Corollary 6.9. If n is odd, we have: 

2deg /= ]T [x(At(df))- X (Ak(df)) 

k:even 

Corollary 6.10. 

deg f = l + J2 HMdf)) + #Mf) mod 2. 
k 

Proof. We have: 



i = x{B £ ) = x(A+(f) n i e ) + x (Ao(f) n i e ) - x(Mf) n 

hence: 



x(A+(f) n is) - x(Av (/) n i e ) = l + n i e ) = 1 + MMW) mod 2 - 

Similarly, if /c is even and dim > 0, then: 



x(A+(/) n i e ) - x(A-(/) n / £ ) = x (A fc (/) n 4) + x(A k+1 (f) n j 6 ) mod 2. 

Thns we obtain that: 



x(A+(f)ni E )-x(A7(f)ni E ) = { 



^{A k {df)) + ^(A fc+ i(9/)) if dim A k {f) > 1 



rl3{A k {df)) + #A k+x {f) if dim A fc (/) = 1 

if dim A fc (/) = 

modulo 2. □ 
If n = 2, this gives: 

deg / = 1 + |&(C(/)) + mod 2, 

and we recover Theorem 2.1 of T. Pukuda and G. Ishikawa [6]. 
If ?i = 3, this gives: 

deg / = 1 + V(C(/) n dB e ) + \b{C{f\ c{f) )) + #A 3 (/) mod 2. 



7. Complex maps 

We end with some remarks in the complex case. Let / : M —¥ N be a holomorphic map between 
complex manifolds M and N. We assume that iV is connected. We assume that / is locally 
infinitesimally stable in J. Mather's sense. 

Let c a denote the Euler characteristic of the local generic fiber of the map-germ of singular 
type a. Let Xf denote the Euler characteristics of the generic fibers of /. 

Theorem 7.1. If a locally infinitesimally stable map f : M — >■ N does not have singularities at 
infinity, then 

J2c aX c(MM)) = XfXc(N). 

a 

Proof Apply Corollary EH □ 
Corollary 7.2. If a Morin map f : M —> N is locally trivial at infinity, then: 

n 

Xc(M) + (-1)— " £ Xc(Mf)) = XfXc(N) 

k=l 

where m denotes the complex dimension of M and n denotes the complex dimension of N. 
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We should remark that this formula was firstly formulated by Y. Yomdin (sec |19j). Note also 
that when m = n, then x/ is a l so the topological degree of /. 

Let / = (/i, f 2 ) : (C 2 ,0) (C 2 ,0) be a holomorphic map-germ with c(/) < oo where: 



c(/)=dim c 2 // 2 g| d jfi , J 



dh df 2 

dxi dxi 

dfi dh 

dx2 dx 2 



Corollary 7.3 (0 (1.8)]). Let f,g : (C 2 ,0) — > (C 2 ,0) be holomorphic map-germs with c(f) < 
oo, c(g) < oo. Let ft, gt denote stable perturbations of f , g. Lf f and g are topologically right-left 
equivalent, then #A 2 (f t ) = #A 2 (g t ). 

Proof. Since the critical set can be characterized topologically, (C 2 ,£(/),0) and (C 2 ,£(<7),0) 
are topologically equivalent, and they have the same Milnor number. Thus their smoothings 
have the same Euler characteristic and x(Ai(ft)) = x(^i(<7t))- By Corollary 17.21 we have: 



l + Xc(A 1 (f t )) + #A 2 (f t )=deg f, 



1 + Xc(Ai(g t )) + #A 2 (g t ) =deg g, 

and, since deg / = deg <?, we conclude the result. □ 

Remark 7.4. Consider the map germ / = (/i,/2) : (C n ,0) — >■ (C 2 ,0), n > 2. Take a stable 
perturbation ft of /. We have: 



(7-1) xM^ft)) + #A 2 (J t ) = (-l) n (x f ~ 1). 

Consid er the map F : (C n , 0) x (C,0) -»■ (C 2 ,0) x (C,0) defined by F(x,t) = (ft(x),t). Since 
Ai(F) is determinantal, it is Cohen-Macaulay. So the map A\(F) — > (C, 0), (x, t) 1— >■ t, is flat. So 
Ai(ft) is a smoothing of A\{f) and its Euler characteristic is described by the Milnor number of 
A\{f): Xc(A 1 (f t )) = l-/i(Ai(/)), and we conclude that fi(A 1 (f)) and Xf determine #(A 2 (ft)). 
Now we assume that / is ^.-finite. Then, we have: 



1 - KMf)) = XciA^ft)) = Xc (ft(A l (ft))) + d{f t ) 



=1 - Kf(Mf))) + mMft)) + 2d(f t ), 

where d(ft) denotes the number of double fold (A± t %) points of ft nearby 0. Combining this with 
(|7.ip . we obtain: 

3#A 2 (f t ) + 2d(f t ) = n(f(Mf))) - 1 + (-lnxf ~ 1). 

We conclude that 3^A 2 {ft) + 2d(ft) (and thus #^2(/t) mod 2) is a topological invariant of /. 

Remark 7.5. Consider a map germ / : (C 3 ,0) -> (C 3 ,0), x ^ y = f(x). Take a stable 
perturbation ft of /. Then we obtain: 



1 + Xc(A 1 (f t )) + Xc(A 2 {f t )) + #Mft) = deg /• 

Consid er the map F : (C 3 ,0) x (C,0) -> (C 3 ,0) x (C,0) defined by F(x,t) = (f t (x),t). Since 
A 2 {F) is determinantal, it is Cohen-Macaulay. We obtain that the map A 2 (F) — > (C, 0), (x, t) i-> 
t, is flat. So A 2 {ft) is a smoothing of A 2 (f) and its Euler characteristic Xc{A 2 {ft)) is described 
by Milnor number of A 2 {f) when A 2 (f) has an isolated singularity at 0. This means ^(A^(ft)) 
is determined by n(A\(f)), fi(A 2 (f)) and deg/: 



#(A 3 (f t )) = deg / - MOM/)) + /i(A 2 (/)) - 3, 



when ^4i(/) and ^(Z) have isolated singularities at 0. 
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Remark 7.6. Consider a map germ / : (C n ,0) — > (C 3 ,0), n > 3. Take a stable perturbation ft 
of /. Then we obtain: 

XciMftj) + XciMft)) + #Mh) = (-i) n (i -xf)- 

Consid er the map F : (C n ,0) x (C,0) -»■ (C 3 ,0) x (C,0) defined by F(x, t) = (ft(x),t). Since 
Ai(F) is determinantal, it is Cohen-Macaulay. We obtain that the map A\(F) — > (C, 0), (x, t) i-> 
t, is flat, and Ai(f t ) is a smoothing, which is determinantal. So the topology of A±(ft) is 
determined by A±(f) when A±(f) has isolated singularity at 0. By Theorem 2.9 in [7j, A2(F) 
is Cohen-Macaulay if and only if n = 4,5. We thus obtain that the map A2(F) — > (C,0), 
(x,t) i— > t, is flat, if only if n = 4,5. Assume that n = 4,5. Then ^(/t) is a smoothing 
of A2(f) and its Euler characteristic Xc(-^2(/t)) is described by the Milnor number of A2(f): 
Xc(Mftj) = l-/i(A 2 (/)). This means # (Mft) ) k deter mined b y and X/ . 

When n > 6, we do not know whether Xc(^2(/t)) = 1 — A t (-<4-2(/)) holds or not. 

The following example also shows that the reduced structure of singularities locus may not 
fit the context of deformation of maps. 

Example 7.7. Let us consider the image of the map g : C — > C defined by s h- > (s 3 ,s 4 ,s 5 ), 
which Milnor number fx is 4. The defining ideal is: 

J = (x-z - y 2 , yz - x 3 , x 2 y - z 2 ). 

We know it defines a Cohen-Macaulay space. Consider the map: 

G : (C 2 ,0) ->■ (C 4 ,0) defined by (s, t) ^ (x, y, z, t) = (at + s 3 , s 4 , s 5 , t). 

Remark that go(s) = g(s) where G(s,t) = (g t (s),t). The image of gt, t ^ 0, is nonsingular, 
and its Euler characteristic is 1, which is not 1 — \l. Let us see what happens in this example. 
Eliminating s from the ideal generated by: 

x — st — s 3 , y — s 4 , z — s 5 , 

we obtain the ideal: 

J = (z 2 — x 2 y + ty 2 + txz, xy 2 — x 2 z + tyz + t 2 xy — t 3 z, y 3 — xyz + tx 2 y — t 2 y 2 + t 2 xz, 

xyz + tz 2 - x 4 + 2tx 2 y + 2t 2 xz + t 4 y, y 2 z - xz 2 + tx 2 z - 2t 2 yz - t 3 xy + t 4 z) 

of C{x,y,z,t}. We remark that the variety X defined by the ideal J is not Cohen-Macaulay. 
We also remark that this defines a reduced space, but the fiber 7r -1 (0), where it : X — s> C is the 
projection ir(x,y,z,t) = t, is not reduced, since 

C{x,y,z,t}/I® c C{t}/(t) ~C{x,y,z}/I n{x, y 3 , y 2 z, z 2 ). 
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